Abstract. We suggest a gene-tree/species-tree approach to speciation and whole genome duplication (WGD) to resolve the occurrence of these events in phylogenetic analysis. We propose a more principled way of estimating the parameters of gene divergence and fractionation than the standard mixture of normals analysis. We formulate an algorithm for resolving data on local peaks in the distributions of duplicate gene similarities for a number of related genomes. Illustrating with a comprehensive analysis of WGD-origin duplicate gene data from six members of the family Brassicaceae, we discuss the effects of variable evolutionary rates and data degradation due to fractionation. We introduce the notion of peak tree, as a template for all gene trees evolving by speciation, WGD and fractionation.
Introduction
The investigation of gene trees and species trees furnishes a genomic perspective on evolution insofar as it requires a complete inventory of the paralogs of the orthologously related genes in the species under study. This line of study also requires a different king of algorithm than those familiar from traditional singlegene based phylogenetics, or even the so-called "phylogenomics" based on large numbers of concatenated genes using what is basically traditional methodology. However, gene trees and species trees are each based on a tiny portion of the genome. In the context of whole genome duplication (WGD) in flowering plants, we can take the gene-tree/species tree approach to a more comprehensive kind of genomic data than the usual one-gene-at-a-time focus.
Specifically, we will study the set of species. This typically involves many thousands of genes. This paper raises more technical problems than it solves, but its goal is to show how concepts from gene-tree theory enable us to better understand genomic history.
We first sketch out a model of gene similarity distribution under random sequence divergence, speciation and fractionation, leading to a principled treatment of the statistical inference of divergence and fractionation rates and to speciation and WGD times.
Still lacking an implementation of this methodology, we can nonetheless proceed with our gene-tree approach by simply identifying local modes or "peaks" in all the similarity distributions, and translating these into phylogenetically related paralogous and orthologous entities. We present a rapid algorithm to resolve these in the case of ideal instances where no data are missing and all data are mutually compatible.
Finally, we illustrate our approach with six species spanning three genera of the family Brassicaceae.
Distributions of Gene Similarity

Background
We will discuss the distribution of similarities between homologous genes, according to a simple model that takes into account only -gene mutation by random substitution of nucleotides independently at each position, and -random duplicate gene loss after whole genome duplication (WGD).
Moreover, to simplify we treat all genes as having length l, i.e., l positions each containing one nucleotide.
After speciation, the genes in the two new species diverge independently according to a rate parameter λ. The simplest model for this divergence is based on binomial trials for change of nucleotide at each of the l positions of the gene. A success in the binomial trial at a position is the event that the nucleotide is the same at time t in both species. The similarity of the pair of orthologous genes at time t is binomially distributed B [l, p(λ, t) , so that the similarity between genes becomes indistinguishable from "noise", since p = 1 4 is characteristic of pairs of random sequences.
Since we treat all n genes as having l nucleotides, the predicted frequency distribution of successes is given by Φ[n, λ, t] = nB [l, p] . Inference under this model is simple. If the empirical frequency distribution of similarities (number of successes across l trials) is nF , where the mean of F is m, thenp = . If t is known, this gives us an estimate of the mutation rate constant λ, while if λ is known, this gives us an estimate of the divergence time t.
When a genome undergoes whole genome duplication (WGD), each gene is duplicated, creating one pair of "paralogous" genes. Over time, the frequency distribution of the similarities between paralogous genes becomes e −ρt Φ[n, λ, t], where the rate parameter ρ accounts for process of losing (deleting or inactivating) one of each duplicate gene pair. Note that paralogous genes begin diverging at a duplication event, while orthologous genes begin diverging at a speciation event. Inference of ρ and λ, or of t, from frequency data is once again straightforward.
Speciation and WGD events can combine in any number of ways in the history of an evolutionary domain. For example, after speciation, one of the two sister genomes may undergoes WGD at time t 1 , where 0 ≤ t 1 ≤ t. Here, the similarities between the 2n pairs of homologs in the two species at time t, will be distributed as 2e
Again there is no difficulty in inferring the parameters.
If however after WGD at time 0, a genome undergoes speciation at time t 1 , where 0 ≤ t 1 ≤ t, then the similarities between the 4n = 2 × 2n pairs of homologs in the two species at time t, will be distributed as 2e
(This distribution is bi-modal when the parameters λ and ρ are suitably small with respect to t 1 and t − t 1 .) In this model there is no closed form for the maximum likelihood estimators of the parameters or times. It is the usual practice to resort to numerical procedures embodied in software such as Emmix [10] for resolving mixtures of normal distributions.
Similarly, if after whole genome triplication (WGT), a genome undergoes speciation at time t 1 , where 0 ≤ t 1 ≤ t, the similarities between the 9n = 3 × 3n pairs of homologs in the two species at time t, will be distributed as 3e
The same kind of logic applies to a speciation after a higher degree polyploidization (whole genome quadruplication, etc.) These models all have the same inferential complications as the previous one. They can all also result in bimodal distributions, In the case a genome undergoes two successive WGD at time 0 and t 1 , then a speciation at time t 2 , so that 0 ≤ t 1 ≤ t 2 ≤ t, the 16n = 4 × 4n pairs of homologs in the two species at time t, will be distributed as 4e
. This can be a trimodal distribution.
It is important to note that many species in a phylogeny may be related by the same WGD and speciation events, and the times estimated for these events should be constrained to be equal. Other events should be constrained to occur in an order compatible with the phylogeny. Such constraints are not available in standard statistical mixtures of distributions software.
Our theoretical considerations pertain to the simple model assumed at the beginning of this section. In practice, various other processes affect the distribution of similarities so that the number of gene homologs between and within genomes may be severely reduced from those expected from the model. Within a group of related organisms, however, the parameter λ tends to have a constant value, although there are particular cases where it may be substantially lower [11] or higher [1] . The hypothesis of constant ρ has been investigated in [12] .
The broadening of effects of event age and of fractionation on similarity distributions as time elapses are illustrated in Fig. 1 . Eventually, all events become indistinguishable from noise caused by random gene resemblances, widespread domain sharing, tandem and near-tandem duplications, gene-order rearrangements, gene conversion and other processes.
It is important to note that methods like Emmix, powerful and flexible as they may be, are not tailored to the problem of detecting speciation and WGD in a set of related similarity distributions. For any mixture of normals, Emmix will identify these components as long as there is enough data. But not every mixture of normals credibly reflects some sequence of genomic events. More important, among the N 2 + N gene similarity distributions within and across N species, there are many constraints that are not handled by software packages, such as requiringt to be the same for an event in all the distributions that are affected by it.
Despite these problems with speciation-or WGD-event detection, in this paper, we will assume constant λ, and we will assume that we can infer p, and hence the age of an event, simply by identifying the mode, or "peak" of the similarity distribution, without recourse to other estimation procedures. This unfortunately foregoes any attempt at present to pick out events visible as "shoulders" of other events on the similarity distribution, but it will allow us to validate the notion thatt should be the same for an event for all the distributions in which it plays a role.
From Peaks to Species Trees and Duplication Gene Trees
There are two observations underlying our method for reconstructing the species tree and "peaks tree" from a perfect set of inter-and intra-genome comparisons:
-each intra-genome distribution of similarities only has peaks due to all the WGD in its direct lineage, and -each inter-genome distribution may contain many peaks due to WGDs, but only one peak due to speciation, i.e., at the date of the most recent common ancestor of the two species.
We use these principles one after the other to produce our results. The pseudocode below assumes a perfect set of inter-and intra-genome comparisons, namely that all events affecting a between-genome or within-genome comparison are detected by the kind of inferential statistics mentioned in Sect. 2, and these comparisons are found in all the genomes affected by the event, and only these, according to the above principles.
For an event i at time t i , we write (time, genome 1 , genome 2 ). Each event time is associated with two genomes, which may be distinct or identical.
Algorithm 1. Construct the tree
Input: A set of genomes G = {g 1 
The Brassicaceae
To illustrate our discussion, we draw on six published genomes in the Brassicaceae family, three in the genus Brassica: B. rapa (turnip, Chinese cabbage) [13] , B. oleracea (cabbage, cauliflower) [7] and Raphanus sativus (radish) [6] , two in the genus Arabidopsis: A. lyrata (rock cress) [3] and A. thaliana (thale cress, mouse-ear cress) [4] and one in the genus Sisymbrium: S. irio (London rocket) [2] . Figure 2 We extracted genomic data from these species using the database in CoGe [8, 9] . We then used the SynMap routine (with default parameters) on this platform to compare the gene orders of each of the 6 2 = 15 pairs of genomes. This procedure implicitly validates the identification of orthologs produced by speciation by detecting collinear arrays of several duplicate pairs in two species with approximately the same divergence: "syntenic blocks". Similarly, we did a selfcomparison of five of the six genomes; the sixth one, the Sisymbrium genome, did not have enough closely spaced duplicate pairs for SynMap to produce paralogous syntenic blocks. The distributions of similarities calculated are shown in Fig. 3 . The peaks found in each genome are tabulated in Table 1 .
From Fig. 3 and Table 1 , we note that the data are not quite "perfect"; the earliest duplication, detected at 79-80 % in the Arabidopsis self-comparisons, shows no peaks in the other self-comparisons -there is a shoulder or heavy tail in the appropriate place in the Brassica self-comparisons, but this is swamped by the later triplication. The triplication itself is visible in all three Brassica self-comparisons and in the comparison of B. oleracea and B. rapa, but not in the weaker signals involving Raphanus. Most of these missing data could be recovered using statistical means such as those discussed in Sect. 2 involving constraints instead of relying on identification of peaks.
More interesting is that the peaks at 90 % reflecting the Sisymbrium speciation, known to occur before the Brassica triplication, suggest that speciation is more recent, since the triplication peak is at 89 %. This apparent conflict is clearly ascribable to a slower rate of evolution (lower λ), since the divergence of Arabidopsis from Sisymbrium also seems to occur more recently (88 %) than the divergence of Arabidopsis from the Sisymbrium sister genus Brassica (86 %). Note that the small differences between peak similarities are not insignificant, given the many thousands of gene pairs involved in these comparisons.
Were we to fill in the missing peaks, and correct the Sisymbrium times to account for slower evolution, the data set would be perfect and Algorithm 1 would convert it to a species tree with duplication times indicated. This could be then displayed in the form of Fig. 4 . This "peaks tree" represents a general template for gene families evolving through WGD and fractionation-based gene loss only. The gene tree for any particular gene family would have exactly the same form, but with losses of various lineages.
Conclusion
We have pointed out connections between gene-tree/species-tree theory and the study of whole genome duplications in a phylogeny. The "peaks" tree should be a template for all the gene families proliferating through WGD and speciation only, where each gene family would simply require pruning of some of the branches of the tree, due to fractionation of duplicate genes. Despite the shortcomings of our Brassicaceae analysis, in the ideal case, the peaks tree itself would fill out the template completely, although no individual gene family is likely to be complete.
Our model and methodology is simplified. We have seen that λ may vary somewhat for individual lineages, and ρ is probably even more variable. Genomic processes such as chromosomal rearrangements disrupt gene order and degrade the recovery of synteny blocks and duplicate gene pairs. These issues should all be addressed in future work.
Our simplest DNA substitution model assumes equal base frequency and equal mutation rates. DNA substitution models with more parameters and rate variation among sites can be readily applied here. For example, one commonly used distance metric K s (substitutions per synonymous sites) is typically calculated using more specific codon substitution models. The K s distance scales linearly with time and log p.
Despite the need for inference procedures focusing on the parameters λ and ρ (rather than μ and σ) jointly estimated for a compete set of similarity distributions among N genomes (rather than just one distribution), we have not yet implemented one, and have resorted to a primitive procedure of peak recognition in illustrating our model. Nevertheless, applying our concepts to six genomes in the family Brassicaceae illustrates the potential usefulness of our approach in understanding multiple WGD in a phylogenetic context.
